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Abstract 

A generalization of the notion of a (pseudo-) Riemannian space is proposed in 
a framework of noncommutative geometry. In particular, there are parametrized 
families of generalized Riemannian spaces which are deformations of classical ge- 
ometries. We also introduce harmonic maps on generalized Riemannian spaces into 
Hopf algebras and make contact with integrable models in two dimensions. 

1 Introduction 

As a classical geometry we understand an n-dimensional RiemannianQ space M which 
consists of a smooth orientable manifold M and a metric tensor field 

g = g^v dx^ ®A dx'' (1) 

where A is the algebra of smooth function on M. The metric induces a Hodge operator 

^ : A''(M) ^ A"-"(M) (2) 

where K^{M) is the space of differential r-forms on M. From the action of the Hodge 
operator we recover the (inverse) metric components with respect to the coordinates 
as follows, 

^/^^ = ^-i(dx^A^dx'^) . (3) 

"'^Here and in the following 'Riemannian' includes pseudo- Riemannian, i.e., the case of an indefinite 
metric. 
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A generalization of classical geometries is obtained by generalizing the concept of dif- 
ferential forms, accompanied with a suitable generalization of the Hodge operator. The 
algebra of (ordinary) differential forms is then replaced by some 'noncommutative' differ- 
ential algebra on M. Essentially, this means that we keep all the basic formulas of the 
classical differential calculus but dispense with commutativity of functions and differen- 
tials. A further generalization of geometries consists in replacing the underlying space M, 
or rather the (suitably restricted) algebra of functions on it, by some noncommutative 
associative algebra A. All this will be made more precise in section 2. 

Given a generalized Riemannian space, one can consider analogues of physical models 
and dynamical systems on it. Of particular interest are generalized geometries and models 
which are deformations of classical geometries and models in the sense that they depend 
on some parameter in such a way that the basic algebraic relations become the classical 
ones when the parameter tends to a certain value. We then have the chance to study 
models which are 'close' to known models of physical relevance. Section 3 is devoted to 
corresponding generalizations of harmonic maps into groups (or Hopf algebras), which 
are also known as (a class of) a-models or principal chiral models. This is based on our 
previous work [1-5]. In subsection 3.3 we make an attempt to generalize the latter to 
norjcommutative algebras. We have to stress, however, that this is more a report on work 
in progress than something which has reached a satisfactory status. Section 4 contains 
some conclusions. 

2 Generalizations of classical geometries 

Let A be an associative algebra with unit element I. A differential calculus on A consists 
of a differential algebra VL{A) and an operator d which shares some basic properties with 
the exterior derivative of the ordinary differential calculus on manifolds. A differential 
algebra is a .^-graded associative algebra (over IR, respectively C) 

^{A)=@n^{A) (4) 

r>0 

where the spaces VL'^{A) are ^-bimodules and Vl'^{A) = A. The operator d is a linear^ 
map 

d : n'{A) n'-^'iA) (5) 

with the properties 

d' = (6) 
d{ww') = {dw)w' + {-iywdw' (7) 

where w G Q'^{A) and w' G Q{A). The last relation is known as the (generalized) Leibniz 
rule. We also require Iw = wl = w for all elements w G Q{A). The identity II = I 

^Here and in the following linear means linear over the respective field which is IR or C in the cases 
under consideration. 
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then implies dl = 0. Furthermore, it is assumed that d generates the spaces Q^{A) for 
r > in the sense that ^''{A) = Adn''-\A) A. 

2.1 Commutative algebras with noncommutative differential cal- 
culi and the Hodge operator 

Let ^ be a commutative algebra, freely generated by elements x^, ii = 1, . . . ,n. A 
differential calculus {Q{A),d) is called n- dimensional ii 

(1) dx^ is a left and also a right .4- module basis of VL^{A), 

(2) fi'-(^) = {0} for r > n, but (]"(^) ^ {0}, 

(3) dimfi'"(^) = (\\m.Vr~^{A) as left as well as right ^-modules (r = 0, . . . ,n). 

In the following we consider a (freely generated) commutative algebra A with an 
n-dimensional differential calculus (f2(^),d). A generalized Hodge operator is a linear 
invertible map 

^ : fi" ^ r = 0, . . . , n (8) 

such that0 

{wf) = f yf eA,wE n'-iA) . (9) 

Defining ★ on a basis of r-forms, this covariance property allows us to calculate its action 
on any r-form. According to we should be most interested in the action of * on 1-forms 
and n-forms. We call {A,Q{A),d,'k) an n-dimensional generalized Riemannian space. 

Example. Let A be the algebra of functions on the lattice with the n-dimensional 
differential calculus determined by 

[dx^',x''] = Sf"'dx'' (10) 
in terms of the canonical coordinates x^ on (cf [6]). As a consequence, we have 

n 

d/ = E [/(^'' • • - + 1' ^'^'^ . . . , x") - f{x\ x^] dx^ (11) 

and 

dx^ dx'^ = -dx^ dx^ . (12) 

This familiar anticommutativity of differentials does not extend to general 1-forms, how- 
ever, as in the ordinary calculus of differential forms. Let e^j,,.^^ be totally antisymmetric 
with ei,„n = 1 and {rj^u) = diag(l, —1, . . . , —1). We define 

^ (dx'^i ■ ■ ■ dx'^-) := . ^ ., r^"^ ■ ■ ■ 7]^^"^ dx^' ■ ■ ■ dx'^"-" . (13) 

[n — r)l 

What we have here is a discrete version of the n-dimensional Minkowski space. Note that 

dx'^^dx'^ = ^r/^^ . (14) 

■^The 'twist' in (^ is dictated by certain examples (which do not work with the alternative rule 
-k {f w) = f -k w) . Note that the inverse of * satisfies *~^(/ w) — {-k^^w) f. 
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In terms of the rescaled coordinates x^' := with constants ^^ > 0, (|TOD becomes 

[dx''',x''']=F6'"'dx''' . (15) 

Ignoring the origin of the primed coordinates, this is a deformation of the algebraic rela- 
tions of the ordinary differential calculus on IR" (where differentials and functions com- 
mute). For each coordinate a contraction i^^ ^ can then be performed. In the new 
coordinates, the metric components are 

g'^''^' ■= i.-^dx"' i.dx"') = i^rri"" (16) 

and are thus witness to the rescaling. A less trivial coordinate transformation is given by 

with g'^ G C \ {0, 1} and not a root of unity. This implies 

dy" = dx^' , dx^"' = y" dx"' (18) 

and turns (|15D into the 'quantum plane' relations 

dy^ y^ = y^" dyf" (19) 

(see also [7]). For different indices 7^ z^, dy^^ and y^ simply commute. The components 
of the metric in the new coordinates y'^ are 

^/^^ := ^-^dy'^^dyn = (q' - 1) (q" - l)y''y''v"' ■ (20) 

One might expect that the inverse g^^ defines an invariant object via g^j^i, dy^ ®^ dy^ , 
dy^^Adfiu dy" or dy'^^j^^dy" g^i,. However, none of these expressions is equal to rj^y dx^®_A 
dx*^, but differs by a factor which is a power of q. <0' 

Using the Hodge operator, we define a scalar product on by setting 

(a,/5) :=*-i(a^/3) . (21) 
From d^) and the corresponding formula for the inverse of -k we obtain 

(a, /?/) = (« /, (3) , (/ a, = {a,P)f = f (a, /3) (22) 
(since A is assumed to be commutative). The components of the scalar product are 

^/^^ := (dx^,dx") . (23) 

Let yf" e A. Then 

dy'' = {d,y^) dx"" (24) 
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with generalized partial derivatives dy. We call y^^ 'coordinates' if d^y^^ is invertible. From 
the above properties of the scalar product we get 

g^'^' = (dy^ dy-) = (dx^ d^y' dx") . (25) 

Let us now assume that the scalar product is symmetric, i.e., (a, (3) = {jS, a) for all 1-forms 
a,f3, which means 

ai^ (3 = (3 a . (26) 

In this case we have also 

(a,//5) = /(«,/?). (27) 

and thus 

g'^'"' = d^y^ dxy" (da;^ dx^) = d^y^ dxy" g^"" . (28) 

To construct a tensor field from these components, the usual tensor product ®^ is not the 
right one as long as functions do not commute with differentials (see the example above). 
In the case of a commutative algebra there is also a tensor product, denoted as ®l, which 
(besides bilinearity over IR, respectively C) satisfies 

{fa)^L{hf3) = fh{a^LP). (29) 

Then 

9 '■= Qfiu dx^ ®L dx'^ (30) 

is a tensorial object. 

2.2 Noncommutative algebras and the Hodge operator 

The covariance property for the Hodge operator, as formulated in (^, is not compatible 
with a noncommutative algebra A. A modification is needed. Let ^ be an involution of 
A. We generalize the covariance rule as follows,^ 

^{wf) = f^w (31) 

so that 

^ [w ifh)) = {fhy = f i.w = (wf) = * {{wf) h) . (32) 

Again, we assume that the Hodge operator is an invertible map Vt'''{A) —>■ Q'^~'^{A) for 
some n G N. For its inverse (^) implies 

if w) = i^-'w) f . (33) 

As a consequence, the scalar product on Q^{A), defined again by (|2T|), satisfies 

(a,/3/) = («/ ^/3), (/a,/5) = (a,/3)/t. (34) 

^Note that this rule does not reduce to our previous rule in the case of a commutative algebra A when 
the involution acts nontrivially on A. 
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Let us now assume that extends to an involution of fl{A) so that 

{ww'y ^ w'^ w'' . (35) 

We still have to define how the exterior derivative d interacts with the involution. Here 
we adopt the following rule 

(dw)^ ^ {-1Y+^ d{w^) (36) 
for w e Q'^{A) (cf [8], for example). 

We can now consistently impose the condition 

(★-u;)t ^^-i(^^t) (37) 

since 

{^{wf)y - if ^w)^ = {^wyf= [k-'{w^)] f = *-^(/V) - ^-'[{wf^] . (38) 

3 Generalized harmonic maps into matrix Hopf al- 
gebras 

Let H he a matrix Hopf algebra (cf [9], in particular). This is a Hopf algebra generated 
by elements a^j, i,j = l,...,N. The coproduct $ : A ^ A is given by 

$(a',-) = Si\ ® a*^j (39) 

using the summation convention. The antipode S satisfies 

S{a\)a'j^S}l^a',S{aL'j). (40) 

In terms of the N x N matrix a = (a*j) we have $(a) = a (8) a and 

/ I \ 



5(a) a 



■•• 
V I y 



a5(a) (41) 



in matrix notation. Let {A,^{A),d,ic) be a generalized geometry in the sense of the 
preceeding section and let us assume that the entries of a are constructed from elements 
of A. The matrix of 1-forms 

A := 5(a) da (42) 

then satisfies the identity 

F:=dA + AA = 0. (43) 

The field equation 

d ★ A = (44) 
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now defines a generalized harmonic map into a matrix Hopf algebra.^ Note tliat we do not 
need tfie full Hodge operator here, but only its restriction to 1-forms, i.e., -k : Vt^[A) 
9J'-\A). 

A generalized conserved current of a generalized harmonic map is a 1-form J which 
satisfies 

d * J = (45) 



as a consequence of the field equation (0). We call a generalized harmonic map (com- 
pletely) integrable if there is an infinite set of independent^ conserved currents. 



3.1 Integrable 2-dimensional generalized harmonic maps on com- 
mutative algebras 

For 2-dimensional classical cr-models there is a construction of an infinite tower of con- 
served currents [12]. This has been generalized in [1-4] to harmonic maps on ordinary 
(topological) spaces, but with noncommutative differential calculi, and values in a matrix 
group. In the following, we briefly recall the essential steps of our construction. 

Let us consider a generalized harmonic map on a 2-dimensional generalized Rieman- 
nian space (in the sense of subsection 2.1) which satisfies the symmetry condition (p6|) 
and furthermore, for a G Q^{A), 



da = 

with a function x- 

Let us start with the N x N matrix 



a 



-k-k dx 



(46) 



/I •■■ \ 



X 



(0) ._ 





V 



■•. 

I y 



(47) 



Then 



jd) .^^^(O)^^^^^)^(O)^^ 

is conserved as a consequence of the field equation. Using (HUI) this imphes 



(45 



(49) 



^We may also call this a generalized principal chiral model or a generalized a-model (see [10], for 
example). Some related 'noncommutative examples' can be found in [11]. 

convenient notion of independence in this context still has to be found. For example, in the case 
of classical models where integration is defined and the conserved currents lead to conserved charges, it 
may happen that a charge is a polynomial in some other charges. In an extreme case, we could get an 
infinite tower of conserved charges as the set of polynomials in a single charge. We would not like to talk 
about complete integrability in such a case. 
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with an X matrix x^^^- Now 

J(2) := Dx^'^ (50) 

is also conserved, 

d ^ ^ d ^ ^^(1) ^ ^ ^ d^(i) ^ jyjW ^ ^2^(0) = ^ = , (51) 

since d'kD = D'kd on NxN matrices with entries in A. The latter follows from (P) , 
(g) and (|6|) (cf [1,2]). Again, (|6]) implies 

J(2):=^dx(') (52) 
with an A^ X A^ matrix x*^^^ of elements of A. Now 

J(3) := Z};^(2) (53) 

is another N x N matrix of conserved currents, and so forth. In this way we obtain an 
infinite set of (matrices of) conserved currents. There is no guarantee, however, that all 
these currents are really independent. It can happen, as in the case of the free linear wave 
equation on two-dimensional Minkowski space, that the higher conserved charges are just 
polynomials in a finite number of independent ones. 

In this subsection we have considered a commutative algebra A, but with a noncommu- 
tative differential calculus. Even in this case a huge set of possibilities for integrable models 
arises and several examples have already been elaborated [1-4]. 

Example. We recall the following example from [1] (see also [2-5]). Let A be the algebra 
of functions f{t,x) on IR x ^ which are smooth in the first argument. A differential 
calculus on A is then determined by the relations 

[dt, t] = , [dx, x]=£dx, [dt, x] = [dx, t] = . (54) 

A Hodge operator, restricted to 1-forms, is given byQ 

-k dt = —dx , -kdx = —dt . (55) 



The differential calculus and the Hodge operator satisfy the conditions (^) and (^61). Let 
a = e~" with a function u{t,x), so we consider only the case where A^ = 1. Then, using 



(1) and (|TT]), the field equation d-k A = turns out to be the equation of the nonlinear 
To da lattice, 

Wfc + ^(e"'~"'+' -e"*-^""M = (56) 

where Uk{t) := u(t,ki). In the limit as £ — > the generalized geometry tends to that 
of the 2-dimensional Minkowski space and the above field equation becomes the linear 
wave equation. We refer to the references mentioned above for details and also for matrix 
generalizations of the Toda lattice (i.e., A^ > 1). <^ 

A new example is presented in the following subsection. 

^Note that the parameter £ does not appear in these relations. Hence they are not obtained by a 
simple coordinate rescaling x ^ xj i from the £ = 1 formulas. This has to be distinguished from what we 
did in the example in subsection 2.1. 
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3.2 Another example 

In [6] we found in particular the following differential calculus, 



a2 



[dt, t]=bdt, [dt, x] = bdx, [dx, t]=bdx, [dx, x] = -—dt (57) 

with real constants a,b ^ 0. In terms of the complex variable z = t/b + ix/a, the above 
commutation relations read 

[dz, z]=2dz, [dz, z] = 0, [dz, z] = , [dz, z]=2dz (58) 

where z is the complex conjugate of z. In the complex coordinates z, z we thus have 
a two-dimensional lattice differential calculus (cf the example in subsection 2.1). The 
relations (|57D extend to arbitrary functions ft{x) := f(t,x) as follows, 

dt ft = C^ft+h dt + - S^ft+b dx 

a 

dxft = -- S^ft+bdt + ft+b dx 
b 

b 

ftdt = dtC^ft-h dx ft-b 

a 

ftdx = -dtS^ft-b + dxC^ft-b (59) 



where the operators C^^ are defined by 

{CJ){x) := i[/(x + m) + /(x-m)] (60) 
{SJ){x) := i[/(a; + za)-/(x-m)] (61) 

acting on a function of x. They satisfy 

CMh) = {CJ){C^h) - {SJ)iS^h) (62) 
SAfh) = {SJ){C^h) + {CJ){S^h) (63) 



and 



Furthermore, we have 



Clf + Slf = f . (64) 



dft = I {CJt+b - ft) dt+- {S,ft+b) dx . (65) 
a 



Using dt dt = dxdx = dt dx + dx dt = 0, which follows from ( pTf ) by application of the 
exterior derivative d, a Hodge operator which satisfies (EBI) is given by 



b d 
*dt = crdtH — ndx , -k dx = - Kdt — a dx (66) 
a b 



with constants n, a. When + a"^ = 1, it has the property -k-k w = w for all 1-forms w. 
Together with the property of the differential calculus that every closed 1-form is exact]^, 
this implies that ( ^61) holds. Furthermore, a direct calculation shows that also ( ]26|) is 
satisfied. The above constraint for the constants k, a is solved by writing a = sin 6' and 
K = cos 6 with a parameter 6. 

With a = e~"* we obtain 

A = e"* de""* = 7 (e"'ae-"*+'' - 1) dt + - (e"*^^e-"*+M dx 
b a 

= dtl (e-"*ae'^*-'' - 1) - dx - (e-"*S^e"*-M . (67) 
a 

Application of the Hodge operator leads to 

i<A = -i [sin e + e""* sin(a - 6) e"'-"] dt 

+ 1 [e""* cos(a 9^ - e"*-* - cos 9] dx (68) 

and the field equation d-k A = takes the form 

e"' cos(a - 6) 6""*+" = e""* cos(a 9^. - ^) e"*-" (69) 
which, admittedly, is a rather unfamiliar equation. 



3.3 Generalization to noncommutative algebras 

In order to generalize the construction of conservation laws to noncommutative algebras 
A, we impose some conditions in addition to those already introduced in subsection 2.2. 
In particular, we make the assumption that for each r = 0, . . . , n there is a constant 7^ 
such that0 

-k-kw = erW \/w eQ'' (70) 

respectively, 

-k w = el i^^^ w . (71) 
Applying the involution and using (^Tj) we find 

^ * (w;t) = ^-l(«;t) = (^^)t = e, i^-^wy = tr * {w^) (72) 
Cr 

^The proof is simple. It is a slight variation of the proof of a Lemma in [4]. 

^An apparently weaker assumption would be: for each w € Vl'^{A) exists a constant e^, such that 
-k -k w = CwW. However, this reduces to our previous assumption as follows. Since -kk is linear, we have 

^w+w' [w w') ~ -k-k [w + w') = -k'kW-^-k-kw' — e^W + tw'W' and thus {tyj+w' — ^w)w = [tw+w' — ^w')w' 

for arbitrary w,w' G 0.{A). If w,w' are linearly independent, then = e-w' — ^w+w'- Furthermore, 
cc^w — c k^-kw = k'k(cw) — Ccw implies Ccw — 

where c G C. It follows that e is constant on n^{A), 

i.e., Cu, = er Vw G fl^'{A). 
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and thus 

et = 1 . (73) 
Instead of the symmetry condition (^) we impose the condition 

{ai^py = el(3^a (74) 
where G Q^{A). This is consistent with ( |3ll) since 

[a ^{/3f)]^ = [afU(3]^ = ei(3^ {a f) = e^f] f) ^ a . (75) 

As a consequence, we find 

(a,/5)t = [*-i(a7^r/5)]^ = [*"^e„(/3^ «)■'■]■'■ = e„ *(/3* a) = e„e|,(/3, a) 

= (Aa). (76) 

A crucial step in the construction of conserved currents for harmonic maps on com- 
mutative algebras in subsection 3.1 is the identity d-kD = D-kd. A suitable generalization 
is now obtained as follows. First, we have 

(d^dx^)^ = d(^dx^)t = d*-i {dx'jy = -d^-' dix'jY = -eid^d(x^)^ (77) 
using (|36D, (p7D, again (|36| ) and then ([7l|). Furthermore, 

[d(/,)^^^^.]^ = eU^/.^d(x^)^ (78) 

using (|7^ . Hence 

d^Dx'j = d^(dx^ + A\x^) = d^dx^ + d((x^)^^A^fe) 
= d * dx'j + dix'jV * A\ + (x^)M ^ A^, 
= [(d*dx^-)^ + (d(x^)^^^\)1^ 

= [-6id^d(x^)^ + 4^^.^(x^)1^ (79) 
using d^ir A = 0. Consequently, if ei = — ej^ we have 

d^D{x^) = -{e\D^dx)^ . (80) 

For n = 2 and assuming (^6[) , the construction of conservation laws now generalizes to 
the case of a noncommutative algebra A. 

Example. Let A be the Heisenberg algebra with the two generators q and p satisfying 

[q,p]=th. (81) 
In the simplest differential calculus on A we have 

[dg,/]=0, [dp,/] = (82) 
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for all / e ^ (see also [13]). It follows that 

d/ = (dj) dq + (4/) dp 



(83) 



where the generalized partial derivatives are given by 



dJ--=-^[pJ], dJ:=^[qJ]. (84) 



Moreover, the relations ( p2D imply 

dqdq = , dqdp + dpdq = , dpdp = . (85) 
As an involution we choose hermitean conjugation with g"!" = q, p^ = P- A ^-operator 



satisfying the conditions (^T]) and (ff^) is determined by 



T*rl = dgdp, 'kdq = dp, •kdp=—dq, *(dgdp) = l (86) 

(so that Co = 62 = 1, Ci = — 1). Now we consider a generalized harmonic map with values 
in the group of unitary elements U of A which satisfy U^^U = I = UW . With 

A := U^dU 

= -\{U^pU -p)dq+ \{U^qU -q)dp (87) 
in in 

and thus 

^ A = —(U^pU -p)dp + — (U^qU - q)dq (88) 
zn in 

the field equation d * A = becomes 

\p,U^pU] + [q,U^qU] = {) . (89) 

In terms of P := U'^pU, Q := U'^qU this takes the form 

[p, P] + [q, Q] = -th (4p - 4g) = . (90) 

If do; = for a 1-form a implies a = dF with some F & A, then also (^61) holds and all 
the required conditions are fulfilled. On the level of formal power series in q and p, every 
closed 1-form is indeed exact. Of course, one would like to substantiate these results on 
the level of functional analysis which, however, is beyond the scope of this work. ()> 



4 Conclusions 

We proposed a generalization of Riemannian geometry and harmonic maps within a wide 
framework of noncommutative geometry. It centers around a generalization of the Hodge 
operator to (noncommutative) differential calculi on associative algebras. The main mo- 
tivation originated from previous work where we recovered lattice gauge theory from a 
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noncommutative geometry on R" [6] and where we realized that, in particular, the non- 
linear Toda lattice model can be expressed as an integrable harmonic map equation, but 
with respect to a simple deformation of the ordinary differential calculus [1-4] (cf the 
example in subsection 3.1). 

In the present work we also addressed the case of 'noncommutative spaces'. Further 
work is certainly needed to understand the significance of 'noncommutative integrable 
models' and more examples have to be elaborated. It should also be possible to weaken 
the restrictions some more which we imposed above in order to generalize the classical 
construction of conservation laws for 2-dimensional cr-models to noncommutative spaces. 
The new material which we presented in subsection 3.3 has a fair chance to guide us to a 
class of interesting models in the same way as the intermediate step to noncommutative 
differential calculi on ordinary spaces led us [1] to physical models like the nonlinear Toda 
chain. 

Acknowledgments 

F. M.-H. is grateful to Metin Arik and Rufat Mir Kasimov for the kind invitation to 
present the material of this paper at the conference on Quantum Groups, Deformations 
and Contractions. 

References 

[1] A. Dimakis and F. Miiller-Hoissen, Integrable discretizations of chiral models via 
deformation of the differential calculus J. Phys. A 29 (1996) 5007. 

[2] A. Dimakis and F. Miiller-Hoissen, Noncommutative geometry and integrable models 
Lett. Math. Phys. 39 (1997) 69. 

[3] A. Dimakis and F. Miiller-Hoissen, A generalization of sigma-models and complete 
integrability, in GR0UP21, Physical Applications and Mathematical Aspects of Ge- 
ometry, Groups, and Algebras, Vol. 2, eds H.-D. Doebner, W. Scherer and C. Schulte 
(World Scientific, Singapore, 1997) p. 602. 

[4] A. Dimakis and F. Miiller-Hoissen, Some aspects of noncommutative geometry and 
physics, to appear in Proc. 21st Johns Hopkins Workshop on Current Problems in 
Particle Theory. 

[5] F. Miiller-Hoissen, Introduction to noncommutative geometry of commutative alge- 
bras and applications in physics, in Recent Developments in Gravitation and Mathe- 
matical Physics, ed. A. Garcia et al. (Science Network Publishing, Konstanz, 1997). 

[6] A. Dimakis, F. Miiller-Hoissen and T. Striker, Noncommutative differential calculus 
and lattice gauge theory J. Phys. A 26 (1993) 1927. 



13 



[7] A. Dimakis and F. Miiller-Hoissen, Quantum mechanics on a lattice and q- 
deformations Phys. Lett. B295 (1992) 242. 



[8] A. Connes, Noncommutative Geometry (Academic Press, San Diego, 1994). 

[9] S. Woronowicz, Compact matrix pseudogroups Commun. Math. Phys. Ill (1987) 
613. 

[10] W. J. Zakrzewski, Low Dimensional Sigma Models (Adam Hilger, Bristol, 1989). 

[11] V.D. Gershun, cr-models on the quantum group manifolds SLq{2,R), 
SLg{2, R)/Uh{l), Cg(2|0) and infinitesimal transformations, preprint |q-alg/9709022|; 



The consistent reduction of the differential calculus on the quantum group GLq{2, C) 
to the differential calculi on its subgroups and a-models on the quantum group 
manifolds SLg{2,R), SLq{2, R)/Uh{l), Cq{2\0) and infinitesimal transformations, 
preprint |q-alg/9711021| . 

[12] E. Brezin, C. Itzykson, J. Zinn- Justin and J.-B. Zuber, Remarks about the existence 
of non-local charges in two-dimensional models Phys. Lett. B82 (1979) 442. 

[13] A. Dimakis and F. Miiller-Hoissen, Quantum mechanics as non-commutative sym- 
plectic geometry J. Phys. A 25 (1992) 5625. 



14 



